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Synthesis through a three phase process:
1. Construct the finite model T of the plant system X~

2. Synthesize a finite controller C solving the specification Son T

3. Synthesize a controller C’ for 2 on the basis of C

o= % ||[ % et Il

Symbolic model

Finite Controller oftware & Hardware model

In this talk : Plant:
= Symbolic Models Hybrid system, i.e.

_ Continuous + Discrete
Hybrid Controller Dynamics
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Salvador Dali, The Temptation of St. Anthony Bridget Riley, Movement in Squares
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Continuous and Hybrid Systems
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ador Dali, The Temptation of St. Anthony Bridget Rlley Movement in Squares
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ador Dali, The Temptation of St. Anthony Bridget Riley, Movement in Sguares

There are systems that:
= Admit symbolic models

= Can be approximated by symbolic models
* Do not admit symbolic models

Approximated

Exact
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There are systems that:

» Admit symbolic models
- Autonomous Systems (no input)
- Timed Automata [Alur & Dill, 1992]
- Multirate Automata [Alur et al., 1993]
- Rectangular Automata [Henzinger et al., 1998]
- o-minimal hybrid systems [Lafferriere et al., 2000]

- Discrete-time controllable linear systems [Tabuada & Pappas]

» Can be approximated by symbolic models
- Incrementally stable nonlinear control systems [Pola et al., 2008]
- Incrementally stable switched nonlinear systems [Girard et al., 2008]
- Incrementally stable nonlinear control systems with disturbances
[Pola & Tabuada 2009], [Borri et al. 2012]
- Incrementally stable nonlinear time-delay systems [Pola et al. 2009]
- Stable and Unstable Networked Control Systems [Borri et al. 2012]

» Do not admit symbolic models
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There are systems that:

= Admit symbolic models
- Autonomous Systems (no input)
- Timed Automata [Alur & Dill, 1992]
- Multirate Automata [Alur et al., 1993]
- Rectangular Automata [Henzinger et al., 1998]
- o-minimal hybrid systems [Lafferriere et al., 2000]

- Discrete-time controllable linear systems [Tabuada & Pappas]

» Can be approximated by symbolic models
- Incrementally stable nonlinear control systems [Pola et al., 2008]
- Incrementally stable switched nonlinear systems [Girard et al., 2008]
- Incrementally stable nonlinear control systems with disturbances
[Pola & Tabuada 2009], [Borri et al. 2012]
- Incrementally stable nonlinear time-delay systems [Pola et al. 2009]
- Stable and Unstable Networked Control Systems [Borri et al. 2012]

* Do not admit symbolic models
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Symbolic models for nonlinear control systems
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Two key ingredients: —

Incremental stability Approximate bisimulation

a0 IEEE TRANSACTIONS ON AUTOMATIC CONTROL. VOL. 47, NO. 3, MARCH 2002 " IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 52.N0. 3,MAY 2007

A Lyapunov Approach to Incremental Stability Approximation Metrics for Discrete and
Properties Continuous Systems

David Angeli Antoine Girard and George J. Pappas, Senior Member, IE

This paper deals with several notions «rmrremrmal
of wilh

fact, the notion of incremental input-to-state stability that will
be

Abstract
stability. In other words, the foct
respect to one another, rather than with Nspﬂ‘l o some allrarlnn
The aim s to present a framework for understanding such ques-
tions fully compatible with the well-known input-to-state stability
(1SS) approach. Applications of the newly introduced stability no-
tions are also discussed.

Index Terms—Lyapunov methods, observers, stability, synchro
nization.

L. INTRODUCTION

NPUT-TO-STATE stabtlity (ISS) has proven a valid in.

strument in order to study questions of robust stability for
finite-dimensional nonlinear systems. One reason for that is the
possibility of dealing, al the same time, with a body of theory
which nicely extends to nonautonomous systems the classic
Lyapunov while still allowing for input-output descriptions of
the system behavior, (11), [21], [27), [29]. In this way tools
such as small-gain theorems [12] and Lyapunov dissipation
inequalities [26] have come together In a unified framework
which bridges the gap between the state-space and input-output
approaches.

Stabllity properties are described through the use of compar-
ison functions, the so called class X" and A°L functions, which
can be thought of as nonlinear versions of linear gains and ex-
ponentially fading translents. This approach naturally leads to
stability notions which are invariant with respect to nonlinear
changes of coordinates [9] and at the same time avoids the use
of the & formalism which is usually less intuitive. A similar
way of thinking was exploited in order to study detectability
questions, [15], [28].

The quest for nonlinear analogs of the separation principle
already involved input-to-state stability as one of the ingredi-
ents, [20], [32], [30]. As a matter of fact, It is especially looking
at the issue of state-detection and observer synthesis that it be
comes relevant to understand which systems may enjoy incre-
mental stability propertles. In other words our focus is on sys-
tems whose trajectories converge to one another, besides being
attracted toward some equilibrium position. Works along these
Iines have recently appeared In the literature, [5], [23], together
with some examples of applications, [8], [18]. As a matter of
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, can be thought of also as an “open-loop observ-
ability™ property, that is as the possibility of designing an ob-
server for the system which only processes past input data. It
Is well-known that for linear systems such a property Is equiva-
lent to asymptotic stability. It is indeed a much stronger property
when dealing with nonlinear ones.

As already pointed out, our alm Is to present such notfons Ina
framework compatible with the 1SS approach. The paper is or-
ganized as follows: in Sections 11 and 111 we study robust incre
mental global asymplotic stability and prove a Lyapunov char-
acterization of such a property; in Section IV we introduce in-
cremental 1SS and give some results of general interest, whereas
a Lyapunov characterization of the property is provided in Sec-
tion V; Section VI shows a couple of examples involving incre-
mental ISS and conclusions are given in Section VI

11, LYAPUNOV CHARACTERIZATIONS OF INCREMENTAL
STABILITY

Let us consider dynamical systems of the following form:
&= f{z. d) m

with state - € B" and Input d, here seen as a disturbance rather
than a control, taking values on a closed set D C B™. By input
signal we mean any measurable, locally essentially bounded
function of time and we denote the set of such functions by Mp,

We are interested in characterizing in terms of Lyapunov dis
sipation inequalities the following property of solutions of (1).

Definition 2.1: We say that (1) is incremental globally
asympiotically stable (8GAS) if there exists a function j3 of
class KL so that for all d € Mp, all &,y € R" and all ¢ > 0
the following holds

|2(t, & d) — x(t, n, )| < F(|€ —nl, £). @)

(m]

It is convenient to recast the notion of incremental stability
as a standard problem of uniform global asymplotic stability
with respect to sets. For the sake of completeness we recall the
definition of uniform GAS.

Definition 2.2: We say that (1) is globally asymptotically
stable (GAS) with respect toa closed set A if there exists a func-
tion /4 of class K'£ so that for all d € Mp, all ¢ € R” and all
t = 0 the following holds:

|e(t, & d)]a € H(€a. 0. 3)

a

0018-9286/02517.00 © 2002 IEEE

Ab ystem for y
such as language inclusion, simulation, and bisimulation, require
system observations to be identical. When interacting with the

physical world, modeled by continuous or hybrid systems, exact
relxllonslllpi are restrictive and not robust. In this paper, we
develop the first framework of system approximation that applies
to both discrete and continuous systems by developing. notoas
of approximate language inclusi

exact between systems might require the intro-
duction of additional variables or states to account for errors,
there are clear limitations in the amount of system compres-
sion that can be achieved. Approximate relationships which ex-
plicitly include errors, will certainly allow for more dramatic
system comp(csslon Even though this has been the tradition

ion, ap

approximate bisimulation relations. We define a hlerarchv or
approsimation pseudo-metries between two systems that quantify
the quality of the and capture the exact
relationships as zero sections. Our approximation framework is

for operator. Algo-
rithms are denlopcd for computing lhe proposed pseudo-metrics,
both exactly and approximately. The exact algorithms require the

for systems [11], it has been recently
arg\lcd convincingly [12]-{14], that even for more quantitative
such as probabilistic au-
tomata [14], labeled Markov processes [15], and quantitative

transition systems [16], notions of system approximation are not
only better candidates for complexity reduction but also provide

generalization of the fixed point algor fthms for simula-
tion and bisimulation relations, or dually, the solution of a static
game whase cost Is the so-called branching distance between the
systems. Approximations for the pseudo-metrics can be obtained
by considering Lyapunov-like functions called simulation and
bisimulation functions. We illustrate our approximation frame-
work in reducing the complexity of safety verific;
for both and

Index Terms—Abstracti imation, bisimulation, met-
vics, transition systems.

1. INTRODUCTION

(OMPOSITIONAL modeling in concurrency theory [1],
and complexity reduction in the formal verification of
discrete systems [2] have resulted in a wealth of system relation-
ships, including the established notions of language inclusion,
simulations and bisimulations [2]. These notions have had great
impact in not only reducing the complexity of discrete systems
[3], but also in reducing problems for continuous and hybrid
systems to purely discrete problems [4]. Much more recently,
the notions of simulation and blsuuuldl ion have resulted in new
ival notions for i (5H71

and hybrid systems [8]-[10].
‘The notions of language inclusion, simulation, and bisimu-
lation for both discrete and continuous systems are all exact,
requiring external behavior of two systems to be identical. As

Manuseript received May 17, 2005, revised April 10. 2006 and August 1,
o 5 <chiy>

between systems. The challenge inde-
veloping app system ips is the i
of the quality of the approximation.

The goal of this paper is to provide a theory of system approx-
imation that applies to both finite (discrete) and infinite (contin-
uous) transition systems by providing approximate generaliza-
tions of language inclusion, simulation, and bisimulation. By
generalizing the exact notions we ensure that our framework
captures the traditional exact notions for finite systems as a spe-
cial case, while developing more robust notions of system ap-
proximation for infinite transition systems.
technically achieve our goal, we consider metric tran-
sition systems, which are transition systems equipped with
metrics on the state space and the observation space. Based
on the observation melric, we develop a hicrarchy of ap-
proximation pseudo-metrics between two mefric transition
systems measuring the distance from reachable set inclusion
and equivalence, language inclusion and equivalence, sim-
ulation and bisimulation relations. For a large subclass of
systems, the notions of exact language inclusion, simulation,
and bisimulation are naturally captured as the zero sections of
the pseud ics. Further the among the
metrics is analogous to the
among the exact notions. For a synchronous compasition op-
erator, we show that the language, simulation and bisimulation
metrics are compositional.
then propose algorithms for computing the proposed
pseudo-metrics, both exactly and approximately. Algorithms
for exact computation require the generalization of the fixed
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point i for and

relations [ 17], or dually, the- snluuon of a static game whose cost
is the so-called branching distance between the systems [16).
A 1 for of the
pseudo-metrics can be obtained by considering Lyapunov-like
functions called simulation and bisimulation functions, which
are also shown to be compositional.

0018.9286/525.00 © 2007 [EEE

Embedded Systems 2012/13




Incremental Global Asymptotic Stability DEW__S

CENTER OF EXCELLENCE

—

A control system X =f(x,u) is Incrementally Globally Asymptotically

Stable (56-GAS) if there exists a KL function g so that forany t=0, y,z € R"
and u

” X(t,y,U) B X(t,Z,U) ” s B( “y_Z”’ t)

X(., ¥, u)

Additional details from D. Angeli, A Lyapunov approach to incremental stability properties,
IEEE-TAC 02
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A control system X =f(x,u) is Incrementally Globally Asymptotically
Stable (56-GAS) if there exists a KL function g so that forany t=0, y,z € R"
and u

” X(t,y,U) B X(t,Z,U) ” s B( “y_Z”’ t)

Theorem: .
A control system X =f(X,U) is 3-GAS if there exists a smooth function
V:R"x R"— R* and K_, functions a4, a,, p such that:

Doy (I x-yl)<VIxy)<a, (|| x=y]l) forallxy e R"

i) dVv/dx f(x,u) + dv/dy f(y,u) <-p (|| x=Yy|| ) forall X,y € R"and u € R™

Additional details in D. Angeli, A Lyapunov approach to incremental stability properties,
IEEE-TAC 02
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A control system X =f(X,u) is Incrementally Input-to-State Stable (5-1SS) if

there exist a KL function B and a K, function y so that forany t=0,y, z € R"
and u, v

I x(ty,u) - x(t.z,v) || < BClly - Zll, §) +y(llu - Vil )

< y(llu-vll.)

Further details in D. Angeli, A Lyapunov approach to incremental stability properties,
IEEE-TAC 02
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A control system X =f(x,u) is Incrementally Input-to-State Stable (5-1SS) if
there exist a KL function B and a K, function y so that forany t=0,y, z € R"
and u, v

I x(ty,u) - x(t.z,v) || < BClly - Zll, §) +y(llu - Vil )

Theorem:

A control system x =f(x,u) is 5-ISS if there exists a smooth function
V:R"x R"— R* and K_, functions a4, a,, p, c such that:

) oy (I -yl ) <V(xy)<a, (lIx-y||) forallxy e R"

i) dV/dx f(x,u) + dv/dy f(yv) <-p (|Ix-Yy|| ) + o (|Ju-vV]|) forall X,y € R"
and u,v € R™

Further details from D. Angeli, A Lyapunov approach to incremental stability properties,
IEEE-TAC 02
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0-ISS >0-GAS
ISS > GAS

Homework:
1)  Prove such connections!
2) How do these notions specialize to the case of linear control systems?
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RcQ; xQ,

is a bisimulation relation between T, and T, if for all (q,, 9,) € R

Hy(a,) = Hy(q,)

- ql—l"—>1 p, in T, implies existence of q, —>2|E)2 in T, so that (p;, p,) € R

" q, —|Z>2 p,in T, implies existence of q1—>1liﬂ)1 in T, so that (p,, p,) € R

LTSs T, and T, are bisimilar if n|y, (R) = Q, and |4 (R) = Q,

Embedded Systems 2012/13



Approximate bisimulation equivalence
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Given Tl = (Ql’L:UHl’Ol’Hl) and T2 = (QZILZIHZIOZIHZ) With Ol = 02’

and a precision € > 0, a relation
RcQ; xQ,

is an approximate bisimulation relation between T, and T, if for all (q,, 9,) € R

" Hytap=Hateg— d(H,(d.).Ha(02)) < &

. q1—|1—>1 p,in T, implies existence of q, L>2 p,in T,so that (p;, p,) € R

= q, —I2—>2 p,in T, implies existence of qlél p,in T, so that (p,, p,) € R

LTSs T, and T, are bisimilar with precision gif n|Q1(R) = Q, and TC|Q2(R) =Q,

Embedded Systems 2012/13
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Given Tl = (Ql’L:UHl’Ol’Hl) and T2 = (QZILZIHZIOZIHZ) With Ol = 02’

and a precision € > 0, a relation
RcQ; xQ,

is an approximate bisimulation relation between T, and T, if for all (q,, 9,) € R

= d(Hy(ay), Hy(q,) ) <e

. q1—>|1 1 P, in T, implies existence of g, i>z p,in T, 50 that (py, p,) € R

= q, —|2—>2 p,in T, implies existence of qlél p,in T, so that (p,, p,) € R

LTSs T, and T, are bisimilar with precision gif n|Q1(R) = Q, and n|Q2(R) =Q,

We now consider a modified version of bisimulation where outputs need not to
coincide but to be close, up to a given precision g
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Given Tl = (Ql’L:UHl’Ol’Hl) and T2 = (QZILZIHZIOZIHZ) With Ol = 02’

and a precision € > 0, a relation
RcQ; xQ,

is an approximate bisimulation relation between T, and T, if for all (q,, 9,) € R

= d(Hy(ay), Hy(q,) ) <e

. q1—|1—>1 p,in T, implies existence of q, L>2 p,in T,so that (p;, p,) € R

= q, —I2—>2 p,in T, implies existence of qlél p,in T, so that (p,, p,) € R

LTSs T, and T, are bisimilar with precision gif n|Q1(R) = Q, and TleZ(R) =Q,

We now consider a modified version of bisimulation where outputs need not to
coincide but to be close, up to a given precision g
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Approximate bisimulation equivalence
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Given Tl = (Ql’L:UHl’Ol’Hl) and T2 = (QZILZIHZIOZIHZ) With Ol = 02’

and a precision € > 0, a relation
RcQ; xQ,

is an approximate bisimulation relation between T, and T, if for all (q,, 9,) € R

= d(Hy(ay), Hy(q,) ) <e

. q1—>|1 1 P, in T, implies existence of g, i>z p,in T, 50 that (py, p,) € R

= q, —|2—>2 p,in T, implies existence of qlél p,in T, so that (p,, p,) € R

LTSs T, and T, are bisimilar with precision gif n|Q1(R) = Q, and n|Q2(R) =Q,

We now consider a modified version of bisimulation where outputs need not to
coincide but to be close, up to a given precision g

What about approximate simulation?
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Existence of symbolic models

“Discretization” of a signal s: R > R

S
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Existence of symbolic models

“Discretization” of a signal s: R > R

1. Time quantization
from s:R > R
to rnN->R
Signal r is not “symbolic” !

S
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Existence of symbolic models

“Discretization” of a signal s: R > R

S 1. Time quantization

A R e e e, o S from s:R > R

to nNN—->R

Signal r is not “symbolic” !

2. Space quantization
from N >R

to  a:N—{q;,0,,...,0.}
Signal q is “symbolic”!
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Existence of symbolic models

“Discretization” of a signal s: R > R

1. Time quantization
® & o oo from s:R > R
° to rN—->R
Signal r is not “symbolic” !

2. Space quantization
from N >R

o to  o: N —{01,05-..,00}
Signal q is “symbolic”!

So that | can approximate signal s by 10 symbols!

From symbolic models for signals to symbolic models for nonlinear control systems...

Embedded Systems 2012/13
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Given a nonlinear control system X~
X=Ff(X,u) , xeR", ueRmM

and a time T > 0 consider:
TT(Z) = (QILI—)IOIH)
where:

[ Q = RN

= L is the collection of control signals u: [0,T] = R™
= p—hq, ifx(t,p,u)=q

= O=R"

= His the identity function

T.(2) can be thought of as a time discretization of T(X) or equivalently of
T.(2) is not a symbolic model because Q and L are infinite sets!

Embedded Systems 2012/13
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Existence of symbolic models

Theorem Consider a nonlinear control system X
X =f(X,U) , xeR", ueR™

If 22 is 8-GAS then for any precision € > 0 there exists a time T >0

and a countable transition system T so that T_(X) and T are approximately bisimilar
with precision &.

0-GAS = existence of symbolic models

Embedded Systems 2012/13
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Existence of symbolic models

Theorem Consider a nonlinear control system X
X =f(X,u) , xeR", ueRm

If 22 is 8-GAS then for any precision € > 0 there exists a time T >0
and a countable transition system T so that T_(X) and T are approximately bisimilar
with precision &.

Corollary Consider a nonlinear control system X

x =f(x,u) , xeX, ueU

If 2 is -GAS and X is bounded, then for any precision € > 0 there exists a time T >0
and a finite/symbolic transition system T so that T.(X) and T are approximately
bisimilar with precision e.

Embedded Systems 2012/13
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Proof (Sketch)
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Consider the following parameters:

= 1>0 sampling time
= 1 >0 state space quantization
= u >0 input space quantization

and define T, (%) =(Q,L,—,0,H)

Embedded Systems 2012/13



Proof (Sketch)
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Consider the following parameters:

= 1>0 sampling time
= 1 >0 state space quantization
= u >0 input space quantization

and define T.__ (X) =(Q,L,——,0,H)

T

where:

] Q:[Rn]nz len
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Proof (Sketch)
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Consider the following parameters:

= 1>0 sampling time
= 1 >0 state space quantization
= u >0 input space quantization

and define T.__ (X) =(Q,L,——,0,H)

T

where:

] Q:[Rn]nz len

Q approximates R" with precision n

VX € R"
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Proof (Sketch)

DEWS

CENTER OF EXCELLENCE

Consider the following parameters:

= 1>0 sampling time
= 1 >0 state space quantization
= u >0 input space quantization

and define T.__ (X) =(Q,L,——,0,H)

T

where:

] Q:[Rn]nz len

Q approximates R" with precision n

VX € R"dg €Q
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Proof (Sketch)
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Consider the following parameters:

= 1>0 sampling time
= 1 >0 state space quantization
= u >0 input space quantization

and define T.__ (X) =(Q,L,——,0,H)

T

where: | I

] Q:[Rn]nz len

Q approximates R" with precision n

VX e R"dq €Q st | x—q|,=n/2

Embedded Systems 2012/13



Proof (Sketch)
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Consider the following parameters:

= 1>0 sampling time
= 1 >0 state space quantization
= u >0 input space quantization

and define T, (%) =(Q,L,—,0,H)
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Proof (Sketch)
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Consider the following parameters:

= 1>0 sampling time
= 1 >0 state space quantization
= u >0 input space quantization

and define T, (%) =(Q,L,—,0,H) A

where:

= Q=[R",=nZ2" u, | —*P1
- L=uq62L(q) where: q./

\ 4
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Proof (Sketch)
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Consider the following parameters:

= 1>0 sampling time
= 1 >0 state space quantization
= u >0 input space quantization

and define T, (%) =(Q,L,—,0,H) A

where:

= Q=[R",=nZ2" u, | —*P1
- L=uq62L(q) where: q./

\ 4
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Proof (Sketch)
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Consider the following parameters:
= 1>0 sampling time
= 1 >0 state space quantization

= u >0 input space quantization

and define T.__ (X) =(Q,L,——,0,H) A

T'n'u
where:
* Q=[R",=nZ2" u, | —*P1
" L=Ugq L(q) where: q ._/ u,
— 0
\u3 P>
‘ >
()
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Consider the following parameters:

= 1>0 sampling time
= 1 >0 state space quantization
= u >0 input space quantization

and define Tr,n,u(z) =(Q,L,——,0,H)

where:

= Q=[R",=nZ
" L=Uyql(q) where:

R(q,2)
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DEWS

CENTER OF EXCELLENCE

Consider the following parameters:

= 1>0 sampling time
= 1 >0 state space quantization
= u >0 input space quantization

and define T, (%) =(Q,L,—,0,H)

where:

] Q:[Rn]nz len

" L=Uyql(q) where:
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Consider the following parameters:

= 1>0 sampling time
= 1 >0 state space quantization
= u >0 input space quantization

and define T, (%) =(Q,L,—,0,H)

where:

] Q:[Rn]nz len

" L=Uyqllq) where:

Iz -x(z.qu) [[<p/2
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Proof (Sketch)

DEWS

CENTER OF EXCELLENCE

Consider the following parameters:

= 1>0 sampling time
= 1 >0 state space quantization
= u >0 input space quantization

and define T, (%) =(Q,L,—,0,H)

where:

" Q=[RY,=nZ

" L=U4qL(q) where:

= g—p,if | x(t,qu)-p|,<n/2
= O=R"

= His the identity function

Labelled transition system T__ (X) is countable

U
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