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Synthesis through a three phase process: 
 

1.   Construct the finite model T of the plant system  
 

2.   Synthesize a finite controller C solving the specification S on T 
 

3.   Synthesize a controller C’ for  on the basis of C 
 
 

Correct-by-Design Embedded Control Software 

Plant : 

Hybrid system, i.e. 

Continuous + Discrete  
Dynamics 

Symbolic model Software & Hardware model   Finite Controller 

  Hybrid Controller 

In this talk : 

 Symbolic Models 

 Controller Design 
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Bridget Riley, Movement in Squares  Salvador Dali, The Temptation of St. Anthony 

Continuous and Hybrid Systems 
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Bridget Riley, Movement in Squares  Salvador Dali, The Temptation of St. Anthony 

Continuous and Hybrid Systems 

Exact ? 

Exact 
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Bridget Riley, Movement in Squares  Salvador Dali, The Temptation of St. Anthony 

Continuous and Hybrid Systems 

Approximated Exact 
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Bridget Riley, Movement in Squares  Salvador Dali, The Temptation of St. Anthony 

Continuous and Hybrid Systems 

There are systems that: 

 Admit symbolic models 

 Can be approximated by symbolic models 

 Do not admit symbolic models 

Exact Approximated 
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Continuous and Hybrid Systems 

There are systems that: 

 

 Admit symbolic models 

 - Autonomous Systems (no input) 

  - Timed Automata [Alur & Dill, 1992] 

  - Multirate Automata [Alur et al., 1993] 

  - Rectangular Automata [Henzinger et al., 1998]  

  - o-minimal hybrid systems [Lafferriere et al., 2000]  

  - Discrete-time controllable linear systems [Tabuada & Pappas] 

 

 Can be approximated by symbolic models 

 - Incrementally stable nonlinear control systems [Pola et al., 2008] 

 - Incrementally stable switched nonlinear systems [Girard et al., 2008] 

 - Incrementally stable nonlinear control systems with disturbances 

   [Pola & Tabuada 2009], [Borri et al. 2012] 

 - Incrementally stable nonlinear time-delay systems [Pola et al. 2009] 

 - Stable and Unstable Networked Control Systems [Borri et al. 2012] 

 

 Do not admit symbolic models 
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Continuous and Hybrid Systems 

There are systems that: 

 

 Admit symbolic models 

 - Autonomous Systems (no input) 

  - Timed Automata [Alur & Dill, 1992] 

  - Multirate Automata [Alur et al., 1993] 

  - Rectangular Automata [Henzinger et al., 1998]  

  - o-minimal hybrid systems [Lafferriere et al., 2000]  

  - Discrete-time controllable linear systems [Tabuada & Pappas] 

 

 Can be approximated by symbolic models 

 - Incrementally stable nonlinear control systems [Pola et al., 2008] 

 - Incrementally stable switched nonlinear systems [Girard et al., 2008] 

 - Incrementally stable nonlinear control systems with disturbances 

   [Pola & Tabuada 2009], [Borri et al. 2012] 

 - Incrementally stable nonlinear time-delay systems [Pola et al. 2009] 

 - Stable and Unstable Networked Control Systems [Borri et al. 2012] 

 

 Do not admit symbolic models 
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Symbolic models for nonlinear control systems 

Two key ingredients: 

 

Incremental stability             Approximate bisimulation 
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A control system                   is Incrementally Globally Asymptotically 

Stable (-GAS) if there exists a KL function  so that for any t ≥ 0, y,z  Rn  

and u 

 

|| x(t,y,u) - x(t,z,u) || ≤ ( ||y-z||, t ) 

 

 

 

 

 

 

 

 

 

 
Additional details from D. Angeli, A Lyapunov approach to incremental stability properties,  

IEEE-TAC 02 

Incremental Global Asymptotic Stability 

z 

y 

x(., z, u) 

x(., y, u) 

t 

)u,x(fx 
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A control system                   is Incrementally Globally Asymptotically 

Stable (-GAS) if there exists a KL function  so that for any t ≥ 0, y,z  Rn  

and u 

 

|| x(t,y,u) - x(t,z,u) || ≤ ( ||y-z||, t ) 

  

 

Theorem: 
A control system                  is -GAS if there exists a smooth function  

V : Rn x Rn  R+ and K functions 1, 2,  such that: 

 

i) 1 ( || x - y || )  V( x, y )  2 ( || x – y || )  for all x,y  Rn  

 

ii) dV/dx f(x,u) + dV/dy f(y,u) < -  ( || x – y || )  for all x,y  Rn and u  Rm  

 
Additional details in D. Angeli, A Lyapunov approach to incremental stability properties,  

IEEE-TAC 02 

)u,x(fx 

Incremental Global Asymptotic Stability 

)u,x(fx 
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A control system                   is Incrementally Input-to-State Stable (-ISS) if 

there exist a KL function  and a K function  so that for any t ≥ 0, y, z  Rn   

and u, v  

 

|| x(t,y,u) - x(t,z,v) || ≤ ( ||y - z||, t) + ( ||u - v|| )  

 

 

 

 

 

 

 

 

 

 
Further details in D. Angeli, A Lyapunov approach to incremental stability properties,  

IEEE-TAC 02 

 ≤ (||u-v||) 

t   

z 

y 
x(., z, v) 

x(., y, u) 

t 

Incremental Input-State Stability 

)u,x(fx 
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A control system                   is Incrementally Input-to-State Stable (-ISS) if 

there exist a KL function  and a K function  so that for any t ≥ 0, y, z  Rn   

and u, v  

 

|| x(t,y,u) - x(t,z,v) || ≤ ( ||y - z||, t) + ( ||u - v|| )  

 

Theorem: 

A control system                  is -ISS if there exists a smooth function  

V : Rn x Rn  R+ and K functions 1, 2, ,  such that: 

 

i) 1 ( ||x - y|| )  V( x, y )  2 ( ||x - y|| )  for all x,y  Rn  

 

ii) dV/dx f(x,u) + dV/dy f(y,v) < -  ( ||x - y|| ) +  ( ||u - v|| )  for all x,y  Rn 

and u,v  Rm   

 
Further details from D. Angeli, A Lyapunov approach to incremental stability properties,  

IEEE-TAC 02 

)u,x(fx 

)u,x(fx 

Incremental Input-State Stability 
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Connections among Stability Notions 

-ISS -GAS 

 ISS  GAS 

f(0,0)=0 f(0,0)=0 

 

 

 

 

 

 

 

 

 

 

 

Homework:  

1) Prove such connections! 

2) How do these notions specialize to the case of linear control systems? 
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Given T1 = (Q1,L1,1,O1,H1) and T2 = (Q2,L2,2,O2,H2) with O1 = O2, a relation  

 

    R  Q1 × Q2  

 

is a bisimulation relation between T1 and T2 if for all (q1, q2)  R  
 

 H1(q1) = H2(q2) 
 

 q1 1 p1 in T1 implies existence of q2 2 p2 in T2 so that (p1, p2)  R 
 

 

 q2 2 p2 in T2 implies existence of q1 1 p1 in T1 so that (p1, p2)  R 

  

 

 

 

 

Bisimulation equivalence 

LTSs T1 and T2 are bisimilar if |Q1
(R) = Q1 and |Q2

(R) = Q2 

 

l1 l2 

l2 l1 
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Given T1 = (Q1,L1,1,O1,H1) and T2 = (Q2,L2,2,O2,H2) with O1 = O2,  

and a precision  > 0, a relation  

    R  Q1 × Q2  

 

is an approximate bisimulation relation between T1 and T2 if for all (q1, q2)  R  
 

 H1(q1) = H2(q2) 
 

 q1 1 p1 in T1 implies existence of q2 2 p2 in T2 so that (p1, p2)  R 
 

 

 q2 2 p2 in T2 implies existence of q1 1 p1 in T1 so that (p1, p2)  R 

  

 

 

 

 

Approximate bisimulation equivalence 

l1 l2 

l2 l1 

LTSs T1 and T2 are bisimilar with precision  if |Q1
(R) = Q1 and |Q2

(R) = Q2 

 

 

 

 

d(H1(q1),H2(q2)) ≤  
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Given T1 = (Q1,L1,1,O1,H1) and T2 = (Q2,L2,2,O2,H2) with O1 = O2,  

and a precision  > 0, a relation  

    R  Q1 × Q2  

 

is an approximate bisimulation relation between T1 and T2 if for all (q1, q2)  R  
 

 d( H1(q1), H2(q2) ) ≤  
 

 q1 1 p1 in T1 implies existence of q2 2 p2 in T2 so that (p1, p2)  R 
 

 

 q2 2 p2 in T2 implies existence of q1 1 p1 in T1 so that (p1, p2)  R 

  

 

 

 

 

Approximate bisimulation equivalence 

LTSs T1 and T2 are bisimilar with precision  if |Q1
(R) = Q1 and |Q2

(R) = Q2 

 

 

 

We now consider a modified version of bisimulation where outputs need not to  

coincide but to be close, up to a given precision  

l1 l2 

l2 l1 
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Given T1 = (Q1,L1,1,O1,H1) and T2 = (Q2,L2,2,O2,H2) with O1 = O2,  

and a precision  > 0, a relation  

    R  Q1 × Q2  

 

is an approximate bisimulation relation between T1 and T2 if for all (q1, q2)  R  
 

 d( H1(q1), H2(q2) ) ≤  
 

 q1 1 p1 in T1 implies existence of q2 2 p2 in T2 so that (p1, p2)  R 
 

 

 q2 2 p2 in T2 implies existence of q1 1 p1 in T1 so that (p1, p2)  R 

  

 

 

 

 

Approximate bisimulation equivalence 

LTSs T1 and T2 are bisimilar with precision  if |Q1
(R) = Q1 and |Q2

(R) = Q2 

 

 

 

We now consider a modified version of bisimulation where outputs need not to  

coincide but to be close, up to a given precision  

 

 

l1 l2 

l2 l1 



Embedded Systems 2012/13 

Given T1 = (Q1,L1,1,O1,H1) and T2 = (Q2,L2,2,O2,H2) with O1 = O2,  

and a precision  > 0, a relation  

    R  Q1 × Q2  

 

is an approximate bisimulation relation between T1 and T2 if for all (q1, q2)  R  
 

 d( H1(q1), H2(q2) ) ≤  
 

 q1 1 p1 in T1 implies existence of q2 2 p2 in T2 so that (p1, p2)  R 
 

 

 q2 2 p2 in T2 implies existence of q1 1 p1 in T1 so that (p1, p2)  R 

  

 

 

 

 

Approximate bisimulation equivalence 

LTSs T1 and T2 are bisimilar with precision  if |Q1
(R) = Q1 and |Q2

(R) = Q2 

 

 

 

We now consider a modified version of bisimulation where outputs need not to  

coincide but to be close, up to a given precision  

 

What about approximate simulation? 

 

 

l1 l2 

l2 l1 
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The hi-level idea behind the definition of symbolic models: 

 

“Discretization” of a signal s: R  R  

Existence of symbolic models 

t 

s 
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The hi-level idea behind the definition of symbolic models: 

 

“Discretization” of a signal s: R  R  

Existence of symbolic models 

t 

s 

 

 
1.  Time quantization 

     from  s: R  R 

     to      r: N  R 

     Signal r is not “symbolic” ! 
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The hi-level idea behind the definition of symbolic models: 
 
“Discretization” of a signal s: R  R 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
S 

Existence of symbolic models 

t 

s 

 

 
1.  Time quantization 

     from  s: R  R  

     to      r: N  R 

     Signal r is not “symbolic” ! 

 
2.  Space quantization 

     from  r: N  R 

     to     q: N  {q1,q2,…,qn} 

     Signal q is “symbolic” ! 
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The hi-level idea behind the definition of symbolic models: 
 
“Discretization” of a signal s: R  R  
 
 
 
 
 
 
 
 
 
 
 
 
 
So that I can approximate signal s by 10 symbols! 
 
From symbolic models for signals to symbolic models for nonlinear control systems… 

Existence of symbolic models 

 

 
1.  Time quantization 

     from  s: R  R 

     to      r: N  R 

     Signal r is not “symbolic” ! 

 
2.  Space quantization 

     from  r: N  R 

     to     q: N  {q1,q2,…,qn} 

     Signal q is “symbolic” ! 
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Given a nonlinear control system  
 

       ,   xRn, uRm  
 

and a time  > 0 consider: 
 
  T() = (Q,L,,O,H) 
 
where: 
 
 Q = Rn 

 L is the collection of control signals u: [0,]  Rm  
 p  q, if x(,p,u)=q 
 O = Rn 
 H is the identity function 

 

T() can be thought of as a time discretization of T() or equivalently of  
T() is not a symbolic model because Q and L are infinite sets! 
 

Existence of symbolic models 

u 

)u,x(fx 
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Theorem Consider a nonlinear control system  
 

       ,   xRn, uRm  
 

If  is -GAS then for any precision  > 0 there exists a time  > 0  
and a countable transition system T so that T() and T are approximately bisimilar 
with precision . 
 

 
 

        
 

 
 
 
 

    
   
  
   

Existence of symbolic models 

-GAS   existence of symbolic models 

)u,x(fx 
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Theorem Consider a nonlinear control system  
 

       ,   xRn, uRm  
 

If  is -GAS then for any precision  > 0 there exists a time  > 0  
and a countable transition system T so that T() and T are approximately bisimilar 
with precision . 
 

Corollary Consider a nonlinear control system  
 

       ,   xX, uU  
 

If  is -GAS and X is bounded, then for any precision  > 0 there exists a time  > 0 
and a finite/symbolic transition system T so that T() and T are approximately 
bisimilar with precision . 
 

    
   
   
   

)u,x(fx 

Existence of symbolic models 

)u,x(fx 
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Which quantization parameters  

do I need to construct a symbolic model? 

 

Proof (Sketch) 
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Consider the following parameters: 
 
  > 0  sampling time 
  > 0  state space quantization 
   > 0  input space quantization 
 
and define T,,() = (Q,L,,O,H) 
 
 
 

Proof (Sketch) 
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Consider the following parameters: 
 
  > 0  sampling time 
  > 0  state space quantization 
   > 0  input space quantization 
 
and define T,,() = (Q,L,,O,H) 
 
where: 
 
 Q = [Rn] =   Zn 
 
 

Q 

 

Proof (Sketch) 
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Consider the following parameters: 
 
  > 0  sampling time 
  > 0  state space quantization 
   > 0  input space quantization 
 
and define T,,() = (Q,L,,O,H) 
 
where: 
 
 Q = [Rn] =   Zn 
 
 

Q 

 
x 

Q approximates Rn with precision   

 
x  Rn 

Proof (Sketch) 
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Consider the following parameters: 
 
  > 0  sampling time 
  > 0  state space quantization 
   > 0  input space quantization 
 
and define T,,() = (Q,L,,O,H) 
 
where: 
 
 Q = [Rn] =   Zn 
 
 

Q 

 
x 

Q approximates Rn with precision   

 
x  Rn q Q 

q 

Proof (Sketch) 
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Consider the following parameters: 
 
  > 0  sampling time 
  > 0  state space quantization 
   > 0  input space quantization 
 
and define T,,() = (Q,L,,O,H) 
 
where: 
 
 Q = [Rn] =   Zn 
 
 

Q approximates Rn with precision  

 
x  Rn q Q  s.t.  | x – q | ≤ /2 

Q 

x 

q 

Proof (Sketch) 



Embedded Systems 2012/13 

Consider the following parameters: 
 
  > 0  sampling time 
  > 0  state space quantization 
   > 0  input space quantization 
 
and define T,,() = (Q,L,,O,H) 
 
where: 
 
 Q = [Rn] =   Zn 
 L = ? 
 
 
 

Proof (Sketch) 
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Consider the following parameters: 
 
  > 0  sampling time 
  > 0  state space quantization 
   > 0  input space quantization 
 
and define T,,() = (Q,L,,O,H) 
 
where: 
 
 Q = [Rn] =   Zn 
 L = qQ L(q) where: 
 
 
 

q 

p1 u1 

Proof (Sketch) 
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Consider the following parameters: 
 
  > 0  sampling time 
  > 0  state space quantization 
   > 0  input space quantization 
 
and define T,,() = (Q,L,,O,H) 
 
where: 
 
 Q = [Rn] =   Zn 
 L = qQ L(q) where: 
 
 
 

q 

p1 

p2 

u2 

u1 

Proof (Sketch) 
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Consider the following parameters: 
 
  > 0  sampling time 
  > 0  state space quantization 
   > 0  input space quantization 
 
and define T,,() = (Q,L,,O,H) 
 
where: 
 
 Q = [Rn] =   Zn 
 L = qQ L(q) where: 
 
 
 

q 

p1 

p2 

p3 

u2 

u3 

u1 

Proof (Sketch) 
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Consider the following parameters: 
 
  > 0  sampling time 
  > 0  state space quantization 
   > 0  input space quantization 
 
and define T,,() = (Q,L,,O,H) 
 
where: 
 
 Q = [Rn] =   Zn 
 L = qQ L(q) where: 
 
 
 

q 

p1 

p2 

p3 

u2 

u3 

u1 

R(q,) 

Proof (Sketch) 
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Consider the following parameters: 
 
  > 0  sampling time 
  > 0  state space quantization 
   > 0  input space quantization 
 
and define T,,() = (Q,L,,O,H) 
 
where: 
 
 Q = [Rn] =   Zn 
 L = qQ L(q) where: 
 
 
 

q 

p1 

p2 

p3 

u2 

u3 

u1 

R(q,) 

 

Proof (Sketch) 
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Consider the following parameters: 
 
  > 0  sampling time 
  > 0  state space quantization 
   > 0  input space quantization 
 
and define T,,() = (Q,L,,O,H) 
 
where: 
 
 Q = [Rn] =   Zn 

 L = qQ L(q) where: 
 
 
 

q 

Proof (Sketch) 

P(,q) 
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Consider the following parameters: 
 
  > 0  sampling time 
  > 0  state space quantization 
   > 0  input space quantization 
 
and define T,,() = (Q,L,,O,H) 
 
where: 
 
 Q = [Rn] =   Zn 

 L = qQ L(q) where: 
 
 
 

… 

L(q) 

Proof (Sketch) 

U 

|| z - x(,q,u) ||   / 2 

u 

z 
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Consider the following parameters: 
 
  > 0  sampling time 
  > 0  state space quantization 
   > 0  input space quantization 
 
and define T,,() = (Q,L,,O,H) 
 
where: 
 
 Q = [Rn] =   Zn 

 L = qQ L(q) where: 
 q  p, if  | x(,q,u) – p | ≤ /2 
 O = Rn 
 H is the identity function 

 
Labelled transition system T,,() is countable 

Proof (Sketch) 

u 

Q 

/2 

 

q 

p 


